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THE EQUIVALENT RECTANGLE PRE- 
STRESSED CONCRETE DESIGN 


SYNOPSIS 


simple procedure presented for selecting cross-sectional shapes and 
dimensions for prestressed concrete beams manner similar that used for 
selecting structural steel shapes. The required section modulus computed 
from the bending moments and from the allowable working stress concrete. 
From equation utilizing equivalent rectangular cross section, use 
chart, the dimensions the selected shape can determined rapidly. 


INTRODUCTION 


Prestressed members differ from conventional reinforced concrete 
members that compression introduced into the member counteract 
tensile stresses caused the applied loads. Prestressed structures utilize 
more efficiently the compressive strength concrete and the tensile strength 
steel the form high-strength, cold-drawn wires cables. result, 
much greater spans and load capacities are possible with prestressed concrete 
than would feasible with conventional reinforced concrete. Thus, prestress- 
ing tends place concrete much better competitive position relative 
other structural materials. 

One type member that affords outstanding possibilites for economy 
materials the prestressed concrete beam. The most efficient cross section 
for this type beam usually hollow rectangle. These shapes 
not lend themselves rapid determination cross-sectional properties such 
areas and moments inertia. Consequently, the design computations 
often become extremely tedious when the final dimensions for given set 
conditions must obtained assuming series trial sections. 


comments are invited for publication; the last discussion should submitted 
October 1953. 


' Engr., Bureau of Reclamation, U. 8. Dept. of the Interior, Columbia Falls, Mont. 


to 


PRESTRESSED CONCRETE 


DEVELOPMENT Basic EQUATIONS 


letter symbols adopted for use this paper are defined 
where they first appear, the illustrations the text, and are arranged 
alphabetically for reference the Appendix. 

Rectangular cross sections lend themselves fairly direct method 
design. For any given irregular-shaped section such hollow 
rectangle, solid rectangular section exists that equivalent area and mo- 
ment inertia about given axis. This equivalent rectangle usually will have 
height different from that the actual section. 

The design equation for prestressed the form: 

which the unit fiber stress, the effective prestressing force, 


represents the area the gross concrete section, denotes bending moment, 
the distance from the center gravity the gross concrete section (CGG) 


Equivalent 


Actual 
Section 


Center 
Gravity 


Via. Berween THE EQuivaLent Recran@Le AND THE ACTUAL Cross SECTION 


the fiber investigated, and the moment inertia the gross 
section about its center gravity. 
the direct stress expression, 


the stress depends the force and the area only and independent the 
shape the section. the flexural stress expression, 


which straight-line variation assumed, the stress dependent the 
shape the section only insomuch the moment inertia and the fiber dis- 
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tance are dependent this property. Therefore, the equivalent rectangle can 
used basis for determining the required area and moment inertia the 
cross section, coefficients are applied the fiber compensate for 
the differences height. 

Fig. shows superimposed upon I-section rectangular section height 
and width having moment inertia about the horizontal axis identical 
that the I-section and having the same CGG has the I-section. The 
height the actual section ish. The ratio the bottom fiber distance the 
height the actual section may expressed 


(For cross sections having horizontal axes symmetry, 


(3a) 


(3b) 


The desired stress condition under full live load, all prestress losses having 
occurred, that the bottom fiber stress equal zero. step-by-step illus- 
tration this appears Fig. which compressive stresses are designated 


(h) TOTAL 
STRESS, 


PRESTRESS 


positive, and tensile stresses are designated negativ The desired bottom fiber 


stress expressed follows: 


> 


which the subscripts and correspond dead load and live 
also shows that the direct stress portion the prestress the CGG 


(5a) 


(2) 
hy 
and 
hy 
/ 


PRESTRESSED CONCRETE 


which the working stress concrete. Therefore, the equation for the 
prestress force 


The area the equivalent rectangle expressed 


and, consequently, 


Substituting Eqs. and into Eq. and, reducing, 


emphasized that Eq. shows the dimensions the cross section 
independent the properties the steel prestressing wires and—for any given 
cross-sectional shape—to depend only the bending moments and the 
allowable concrete working stress. Thus, the concrete sectional dimensions 
can selected first, and the details the prestressing steel can determined 
later using Eq. 5b. 

The following equalities may specified: 


Substituting into the symbols defined Eqs. and collecting terms, 


12 Mr 
zh, 


and 


106 indicates the section modulus the equivalent rectangular section. 


The required section modulus based the total moment expressed 
the quotient, 


1 1 


The moment inertia the equivalent rectangle 
Mr 7 
K f. * 
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Fig. indicates that, the ratio live load dead load large, the live- 
load fiber stress may control the design. This fiber stress must not exceed the 
allowable working stress, f., because does, the bottom fiber stress will 
exceed when the live load not acting the beam. this case, the last 
element Eq. the expression equal the same pro- 

11 


cedure followed arriving Eqs. therefore, 


which 
(12b) 
Eqs. computed using the live-load moment and the working stress, 


LEGEND 


Sectional Shape 
(See Fig 


wen 


whereas Eqs. 116 computed using the sum the dead-load moments 
and live-load moments and the working stress modified the prestressing 
factor, 

Fig. chart based Eqs. and for the various cross-sectional 
shapes shown Fig. cubic equations for these shapes would repre- 
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sented parallel straight lines logarithmic graph paper, but semilogarith- 
mic paper was used that the vertical scale would uniform. Each curve 
3/12 


Fia. 
Secrion DesIGNATION IN Fia. 4 


0.500 0.875 


0.100 


0.125 0.143 


File 


0.125 0.250 0.143 


0.500 0.622 0.500 0.500 0.500 
0.395 0.534 0.390 0.394 0.422 
0.346 0.426 0.325 0.338 0.369 
1.320 1.864 1.261 1.300 1.435 
0.256 0.210 0.138 0.093 


0.368 0.347 0.345 0.222 0.131 
0.542 0.384 0.362 0.360 0.231 0.136 


0.0690 0.0417 0.0492 0.0392 0.0475 0.0298 0.0153 


Properties the equivalent rectangle also and are defined Fig. and Eqs. 6a, 9a, and 
The center gravity the steel (Fig. Key) the center gravity the bottom flange. 


and 12. 

The best procedure for determining the required cross-sectional dimensions 
obtain the value from Fig. based the live-load section modulus, 


Geometric 
1.000 1.000 0.750 0.500 0.250 
0.200 0.167 0.143 0.111 
1.000 0.100 0.333 0.750 0.500 0.250 
0.260 0.125 
0.200 
0.500 0.500 
0.396 0.500 
0.317 0.400 
1.253 1.700 
0.326 0.500 
wp 
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Using this h-value for computing the first trial dead-load moment, 
again determined from Fig. based the total load section modulus, Zr. 
Usually one two adjustments the dead-load moment will result the 
correct section for the latter case, which the same procedure used the 
selection structural steel shapes. The larger h-value based either 
governs the design. 

When the depth controlled the live-load section modulus, the 
eccentricity the prestressing steel, must reduced from that used the 
chart prevent overstressing the prestressing force, Thus, 


Kf. 


Je 


1 


found that 


The eccentricity the prestressing wires can adjusted any section 
along the beam compensate for the difference moment multiplying 


the ratio, which and are the sum the dead-load moments 


and live-load moments distance along the beam and the point 
maximum moment, respectively. the eccentricity over the supports 
zero. 

Based the four elements fiber stresses can checked for 
conformance with design specifications the intermediate stages. The fiber 
stress expressed follows: 


§ = t{eF + 


which the section modulus for the top bottom fiber, depending 
which fiber investigated. 

Theoretically, the fiber stresses should checked the basis the area 
the net concrete section, and the moment inertia the net concrete 
section, These properties and those the transformed section can 
computed the designer’s option after the sectional shape and dimensions 
have been determined. However, the usual design assumptions and the in- 
herent inconsistency concrete render questionable the justification for such 
refinements. 

Referring Fig. theory and practice support the indication that de- 
crease the depth the section accompanied increase the required 
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area. Conversely, the deeper the section, the smaller the required area. Thus, 
sectional shape may chosen from purely economical standpoint. For 
example, multistory building, although shallow beams will more costly 
themselves than will deep beams, the possibility for savings the total 
height the building may consideration. 

the case bridges, overpasses, and similar structures, headroom may 
important consideration and the most shallow practicable beam may 
desirable. However, many situations headroom not governing factor, 
and the most economical beam can utilized. Also, cases occur which 
these two extremes must balanced against each other and some average 
section may desired which each condition partly satisfied. 

Although economy apparently favors deeper beams, considerations 
practicability tend limit the depth. Tensile stresses the top fibers the 
beam over the supports (where the bending moments become zero) increase with 
increased depth the beam. Provisions must made resist these stresses 
regardless the shape the beam, but the cost such provisions increases 
with increased depth-span ratio the beam. Also, deep, thin sections 
exhibit increased tendency toward buckling, and more web stiffeners there- 
fore are required. The seven shapes shown Fig. probably will cover most 
design conditions, but the variety shapes that could used unlimited. 

and can developed for other shapes, and curves can drawn 
the same manner those Fig. determining the various properties 
for the shapes shown Fig. (as listed Table 1), the first step was assume 
the flange and web proportions some fraction the height, These 
appear the first five lines Table avoid complicated algebraic ex- 
pressions, actual dimensions typical sections were used determine the 
center gravity the section and compute values the area and the 
moment inertia about the horizontal axis through the CGG. Next, the 
dimensions the equivalent rectangle were determined from Eqs. 3a, 6a, 
and 

The center gravity the prestressing steel was assumed the 
center gravity the bottom flange, and thus was some fraction 
(The value different the live load controls the design, but this fact does 
not affect the preparation the curves.) 

terms h?, and terms also were determined order facilitate 
rapid computation these properties when known. 


illustrate the use the equivalent rectangle designing prestressed 
concrete beams, two examples are presented. Table shows the initial steps 
the computations. For the 100-ft span, value found dividing 
values Col. those Col. Entering Fig. with value for yields 
and 41.1 in., which used compute the first trial value for Col. 
The value obtained from Eq. Fig. with the value 
from Col. 47.4 in. obtained, which does not agree with the 
value Col. second trial value equal in. yields the values: 
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11,700 kip-in. and 19,200 kip-in. The new value for 
8,200 Using this value, depth 51.6 in. obtained from Fig. 
This satisfactory. 

Eq. used check fiber stresses, yielding top fiber stress 1,800 
per in. and bottom fiber stress persqin. Eq. yields prestressing 
force equal 532 kips. 


TABLE FOR PRESTRESSED BEAMS (First TRIAL) 


Shape 


(1) (2) (3) (4) (S) (6) (7) 


100 1,800 4,160 7.330 14.830 


«From Fig. 3. » The trial dead-load moment equals wp L*/8, plus 25% for the deck, stiffeners, and 
other components. 


The required area steel depends the tensile strength the wires 
cables used. Fiber stresses the concrete also can checked using the 
initial prestressing force required compensate for the subsequent prestress 
losses approximately 15%. 

For the 40-ft span, the Col. Table less than the value 
Thus, the live load controls the design and new value must obtained. 
Introducing values from Table into Eq. gives K-value substituted 
into Eq. eccentricity 5.79 in., the top fiber stresses are found 
2,250 per in., and the bottom fiber stresses vanish. The required pre- 
stressing force 507 kips. 


CONCLUSIONS 


method has been presented whereby the shape and dimensions regular 
and irregular cross sections prestressed concrete beams can determined 
rapidly the same manner that used for selecting structural steel shapes. 
The method has the following advantages: 


(a) The time-consuming method selecting trial sections and then check- 
ing the stresses eliminated. 

The method not limited any sectional shapes. 

(c) complicated equations are involved. 

(d) The method particularly helpful those who have had little 
previous experience the design prestressed concrete beams and thus have 
basis for selecting trial sections. 

When making economic comparisons beams various materials, the 
quantities for the prestressed concrete beam can determined quickly with the 
assurance that the stress conditions the beam will satisfactory under the 
given loading. 
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The method has the following disadvantages: 


sections other than those shown Fig. are used, the designer must 
formulate Eqs. and order determine the dimensions. 

II. The required height the section, may not controlled the sum 
the dead-load moments and live-load moments, but may controlled 
the live-load moment alone—a situation which entails two computations for 


APPENDIX. NOTATION 


The following symbols, adopted for use the paper and for the guidance 
conform essentially with Standard Letter Symbols for 
American Standards Association with ASCE participation, and approved the 
Association 1949: 


the area the gross concrete section; 

the top flange width: 
the web thickness; 


the net area concrete; 


the bottom flange width; 

the width the equivalent rectangle; 

the distance from the CGG the bottom fiber; 
the eccentricity the steel area with respect the CGG; 
the allowable working stress concrete; 
the height the actual section; 

the height the equivalent rectangle; 

the moment inertia the gross concrete section referred the 


CGG; 
the moment inertia the net concrete section about its centroidal 
the ratio the bottom fiber distance the height the actual 
section: 


the ratio the bottom fiber distance the actual section 
the height the equivalent rectangle; 
the ratio the steel eccentricity the height the equiva- 
lent rectangle; 
the span; 
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the bending moment: 


the dead-load moment; 
the live-load moment; 
the total moment; 


the effective prestressing force; 

the unit stress; 
the top flange thickness; 
the bottom flange thickness; 

uniform dead load; 
the horizontal distance along beam; 
the vertical distance from the CGG; 
the section modulus: 


the section modulus based the live-load moment; 
the section modulus based the total moment; and 


the ratio the width the equivalent rectangle its height. 
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